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Standard models in economics stress the role of intelligent agents
who maximize utility. However, there may be situations where
constraints imposed by market institutions dominate strategic
agent behavior. We use data from the London Stock Exchange to
test a simple model in which minimally intelligent agents place
orders to trade at random. The model treats the statistical me-
chanics of order placement, price formation, and the accumulation
of revealed supply and demand within the context of the contin-
uous double auction and yields simple laws relating order-arrival
rates to statistical properties of the market. We test the validity of
these laws in explaining cross-sectional variation for 11 stocks. The
model explains 96% of the variance of the gap between the best
buying and selling prices (the spread) and 76% of the variance of
the price diffusion rate, with only one free parameter. We also
study the market impact function, describing the response of
quoted prices to the arrival of new orders. The nondimensional
coordinates dictated by the model approximately collapse data
from different stocks onto a single curve. This work is important
from a practical point of view, because it demonstrates the exis-
tence of simple laws relating prices to order flows and, in a broader
context, suggests there are circumstances where the strategic
behavior of agents may be dominated by other considerations.

double auction market � market microstructure � agent-based models

The traditional paradigm in economics is one of rational utility
maximizing agents. Recognizing limitations in human cog-

nition, economists have increasingly explored models in which
agents have bounded rationality. We take this direction even
further here by testing a model of trading in financial markets
that drops agent rationality almost altogether. These results are
particularly striking because the model predicts simple quanti-
tative laws relating different properties of markets that are borne
out well when tested against data.

Although no one would dispute that agents in financial
markets behave strategically, and that for some purposes taking
this into account is essential, we show in this paper that there are
some problems where other factors may be more important.
Previous work along these lines includes that of Becker (1), who
showed that random agent behavior and budget constraint are
sufficient to guarantee the proper slope of supply and demand
curves, and Gode and Sunder (2), who demonstrated that if one
replaces the students in a standard classroom economics exper-
iment by zero-intelligence agents with a budget constraint, they
perform surprisingly well. More specifically, the model we test
here builds on earlier work on the double auction in financial
economics (3–6) and physics (7–11). [See also interesting sub-
sequent work (12, 13).] The model makes the simple assumption
that agents place orders to buy or sell at random (14, 15), subject
to constraints imposed by current prices. Although one might
argue that tracking prices requires at least some intelligence, this
is the minimal intelligence consistent with the assumptions of the
model, which we will loosely refer to as ‘‘zero intelligence.’’ We
show here that, for certain problems, such an approach can make
surprisingly good quantitative predictions.

Another unusual aspect of the work presented here is the
nature of the predictions we test, which take the form of simple
quantitative laws. These laws relate one set of market properties
to another, placing restrictions on the allowed values of variables
that are comparable to the ideal gas law of physics. They make
quantitative predictions about magnitude and functional form,
which are testable with only minimal auxiliary assumptions. This
is in contrast to papers testing standard models based on
rationality, which are typically forced to add strong auxiliary
assumptions not contained in the original theoretical model,
making the final results essentially qualitative.

A literature review, details of the analysis, and further com-
ments are given in Supporting Text, Tables 1 and 2, and Figs.
5–11, which are published as supporting information on the
PNAS web site.

The Model
Continuous Double Auction. The continuous double auction is the
most widely used method of price formation in modern financial
markets. The auction is called ‘‘double,’’ because traders can
submit orders to both buy and sell, and ‘‘continuous,’’ because
they can do so at any time. Under the terminology we use here,
an order that does not cross the opposite best price and so does
not result in an immediate transaction is called a limit order. An
example is a sell order with a higher price than any existing buy
order. An order that does cross the opposite best price and thus
causes an immediate transaction is called a market order. Real
markets use a host of different order types, which vary from
market to market. However, by making appropriate decompo-
sitions (sometimes involving splitting an order into two pieces),
it is always possible to break down the order flow into compo-
nents that are effectively either market orders or limit orders.
Buy and sell limit orders accumulate in their respective queues,
whereas buy and sell market orders cause transactions that
remove limit orders. A limit order can also be removed from its
queue by being canceled, which can occur at any time. The lowest
selling price offered at any point in time is called the best ask,
a(t), and the highest buying price, the best bid, b(t). The bid–ask
spread s(t) ' a(t) � b(t) measures the gap between them. The
best prices may change as new orders arrive or old orders are
canceled.

Description of the Model. The model we test here (14, 15) was
constructed to be the simplest possible sensible model of agent
behavior in a continuous double auction. It assumes that two
types of agents place orders randomly according to independent
Poisson processes, as shown in Fig. 1. Impatient agents place
market orders randomly with a Poisson rate of � shares per unit
time. Patient agents, in contrast, place limit orders randomly in
both price and time. Buy limit orders are placed uniformly
anywhere in the semiinfinite interval �� � p � a(t), where p
is the logarithm of the price, and similarly sell limit orders are
placed uniformly anywhere in b(t) � p � �. Both buying and
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selling limit orders arrive with the same Poisson rate density �,
which is measured in shares per unit price per unit time. The
log-price p is continuous and independent of arrival time. Both
limit and market orders are of constant size � (measured in
shares). Queued limit orders are canceled according to a Poisson
process, analogous to radioactive decay, with a fixed-rate � per
unit time. To keep the model as simple as possible, there are
equal rates for buying and selling, and all of these processes are
independent except for indirect coupling through the boundary
conditions, as explained below.

As new orders arrive, they may alter the best prices a(t) and
b(t), which in turn change the boundary conditions for subse-
quent limit order placement. For example, the arrival of a buy
limit order inside the spread will alter the best bid b(t), which
immediately alters the boundary condition for placing the next
sell limit order. It is this feedback between order placement and
price diffusion that makes this model interesting and, despite its
apparent simplicity, very difficult to understand analytically.
This model has been studied by using simulation and with
approximate analytic treatments based on mean field theory
(14, 15).

Some readers may be puzzled by the use of a constant density
over an infinite interval, which gives an infinite total arrival rate.
The key is that the normalization is chosen to make the arrival
rate in any given price interval finite. This is analogous to a
model of snow falling and evaporating on an infinite plane:
although the total amount of snow arriving is infinite, the
amount of snow falling in any given square during any given time
is perfectly well behaved. The situation here is much more
complicated, due to the fact that market orders define a point
removal process, and there are two kinds of ‘‘snow’’ falling on
overlapping and interacting intervals. Nonetheless, the basic
trick of normalizing the density rather than the total is the same.

Predictions of the Model. The rather radical assumption of a
uniform limit order price density is made because it simplifies
analysis, allowing the derivation of simple scaling laws relating
the parameters to fundamental properties such as the average

bid–ask spread. (For an empirical investigation of the density of
limit order placement, see refs. 12 and 16.) The mean value of
the spread predicted based on a mean field theory analysis of the
model (14, 15) is

ŝ � ������f������. [1]

The nondimensional ratio � � ���� can be thought of as the
ratio of removal by cancellation to removal by market orders and
plays an important role. f(�) is a slowly varying monotonically
increasing function that can be approximated (15) as f(�) � 0.28
� 1.86 �3/4. The scaling law above is reasonable in that it predicts
that the spread increases when there are more market orders or
cancellations (which remove stored limit orders) and decreases
with more limit orders (which fill in the spread more quickly).
The dependence on ��� can be derived from dimensional
analysis, under certain assumptions detailed in Dimensional
Analysis in Supporting Text. However, the functional form of f(�)
is not obvious. One of the predictions of the model, which to our
knowledge has not been hypothesized elsewhere in the literature,
is that the order size � is an important determinant of the spread.

Another prediction of the model concerns the price diffusion
rate, which drives the volatility of prices and is the primary
determinant of financial risk. If we assume that prices make a
random walk, then the diffusion rate measures the size and
frequency of its increments. The variance V of a random walk
grows as V(t) � Dt, where D is the diffusion rate and t is time.
This is the main free parameter in the Bachelier model of prices
(17). Although its value is essential for risk estimation and
derivative pricing, there is very little fundamental understanding
of what actually determines it. In standard models, it is often
assumed to depend on ‘‘information arrival’’ (18), which has the
disadvantage that it is impossible to measure directly. For our
idealized model, numerical experiments indicate that the short-
term price diffusion rate is to a very good approximation given
by the simple formula (14, 15)

D̂ � k�5�2�1�2��1�2��2, [2]

where k is a constant. This formula is reasonable in that it
predicts that volatility increases with limit order removal (by
either market orders or cancellations) and decreases with limit
order placement. The dependence on order size and the values
of the scaling exponents are not so obvious. It has so far not been
possible to derive this formula from theoretical considerations
(although dimensional analysis was essential for guessing this
functional form).

We would like to emphasize that the construction of the model
and all the predictions derived from it were made before looking
at the data. The model was constructed to be simple enough to
be analytically tractable and makes many strong assumptions.
The assumption of random order placement leads to conse-
quences that might be economically unreasonable in a rational
setting, such as the existence of profit-making opportunities.
However, this is self-consistent with the assumption that the only
intelligence the agents possess is the ability to mechanically
adjust the prices of limit orders based on current best prices.
Furthermore, simulations suggest that the arbitrage opportuni-
ties in this model are not risk-free, yielding only finite risky
profits (J.D.F., J. Girard, and J. Rutt, unpublished observations).

A useful concept is that of liquidity, which in this context can
be defined as the availability of standing limit orders that allow
trading to take place. The impatient market order traders are
liquidity demanders, and the limit order traders are liquidity
providers. The use of a zero-intelligence agent model makes it
possible to study the flow of liquidity in and out of the market
and to study its interaction with price formation. This has not
been properly addressed by models that attempt to fully treat

Fig. 1. A random process model of the continuous double auction. Stored
limit orders are shown stacked along the price axis, with sell orders (supply)
stacked above the axis at higher prices and buy orders (demand) stacked
below the axis at lower prices. New sell limit orders are visualized as randomly
falling down, and new buy orders are visualized as randomly ‘‘falling up.’’ New
sell orders can be placed anywhere above the best buying price, and new buy
orders can be placed anywhere below the best selling price. Limit orders can
be removed spontaneously (e.g., because the agent changes her mind or the
order expires), or they can be removed by market orders of the opposite type.
This can result in changes in the best prices, which in turn alter the boundaries
of the order placement process.
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